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Effect of Shunting Zone Plastic Strains on Bend Force 
during the Butt Welding of Rings

Abstract: The article is concerned with the development of an analytical meth-
od enabling the calculation of force used for the bending of a ring-shaped prod-
uct during the butt welding allowing for the presence of plastic strains in the 
shunting zone. The research involved the investigation of principles governing 
the plastic-elastic strain of curvilinear bars subjected to bending and the devel-
opment of theoretical foundations enabling the identification of displacements 
in such bars. The research-related investigation led to the obtainment of analyti-
cal equations combining bend force with movements of welding machine fixing 
clamps, geometrical parameters and physico-mechanical properties of a ring-
shaped product material subjected to welding. Using a number of frames as an 
example, it was demonstrated that plastic strains significantly affected the val-
ue of bend force. The calculation results concerning the volume of bend force 
obtained using the above named analytical method converged with the results 
obtained using numerical calculations. Appropriate formulas were used to de-
scribe the boundaries of elastic and plastic areas of the shunting zone subjected 
to bending during butt welding. The research resulted in the determination of the 
critical value of bending force, the exceeding of which led to the deformation of 
the required geometrical shape of a ring-shaped product subjected to welding.
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In contrast to open shape products, when cal-
culating the parameters related to the pressure 
during the butt welding of ring-shaped prod-
ucts it is necessary not only to take into ac-
count the cross-sectional area of an element 
but also to allow for its diameter [1]. This re-
quirement results from the necessity of in-
creasing the welding machine pressure force 
during flashing and upsetting as well as be-
cause of the bending to which the element is 
subjected [2]. For the first time, the precise 

computer modelling-aided determination of 
bending force value was proposed in work [3]. 
Publication [4] presents the determination of 
the analytical dependence between the value of 
bending force and the geometrical parameters 
of an element subjected to welding.

Tests concerning the stress-strain state of 
ring-shaped products subjected to butt weld-
ing revealed that the shunting zone of the ma-
jority of analysed products was characterised 
by the presence of plastic strains [5] which were 
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not allowed for during the calculation of bend-
ing force in works [3] and [4]. The above-pre-
sented situation inspired the objective of this 
work, i.e. the determination of the effect of plas-
tic strain in the shunting zone on the value of 
bending force.

Computational models are based on the de-
termination the relationship between the move-
ment of welding machine jaws δΣ, being the 
sum of the initial gap width δig as well as allow-
ances for flashing δfd and upsetting δua (Fig. 1) 
and the value of force necessary for overcom-
ing the resistance generated during the bending 
of the shunting zone. The displacement accom-
panying the bending of the curvilinear bar was 
identified using the following formula [6]

where ρ₀ – radius of bar curvature before defor-
mation; ρ – present radius of bent bar curva-
ture; Mi – formula of the bending moment 
related to unitary force, the direction of which 
overlapped with the direction of displacement.

The determination of the displacement re-
quired the identification of the dependence be-
tween the radius of curvature ρ and the bending 
moment outside limits of elasticity. To this end, 
it was necessary to analyse the strain status of 
the ring segment during bending (Fig. 2).

The linear strain at distance y from the neu-
tral axis of the curvilinear bar was identified 

using formula [7]

The linear strain occurred at the furthest points 
from the neutral axis

where h – height of the ring cross-section.
The dependence of the curvature on the 

bending moment in the elastic range was line-
ar in nature [8]

where E – modulus of the longitudinal elastici-
ty of ring material; J – moment of the cross-sec-
tional inertia of the ring determined, according 
to [9], using the following formula (Fig. 2)

where b – ring thickness.
The ring curvature at which the plastic strains 

started to be generated according to formula (4) 
was determined using the following formula

where MT – bending moment at which the ab-
solute value of the highest stress at the furthest 
points from the neutral axis reached the yield 
point of ring material σT. Quantity MT was deter-
mined using the formula of material strength [9]

The strain corresponding to the yield point 
could be expressed using formulas (2) and (3)

where hT – height of the elastic area (Fig. 2). 
Then, the use of formulas (3) and (6) led to the 

Fig. 1. Diagram presenting the flash butt welding 
of the ring-shaped product
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expression

The bending moment in the cross-section was 
determined using the equilibrium conditions

Expressing y from formula (2), allowing for for-
mula (3) and using it in formula (9) the follow-
ing formula is obtained:

Using the schematic diagram of material ten-
sion without hardening [10], equation (10) 
could be presented in the following form:

After integration and transformations allow-
ing for formulas (6) and (8) it was possible to 
determine the dependence of bending mo-
ment from the curvature in the elastic-plas-
tic area

Expressing the curvature from formula (12) al-
lowing for formula (5), the following formula 
was obtained:

Therefore, entering formula (13) to formula (1) 
it was possible to obtain an expression enabling 
the identification of displacements in the elas-
tic-plastic area

Works [4] and [5] stated that when the ring 
was subjected to load in accordance with the 
diagram presented in Figure 1, the diagram of 
the bending moment related to unitary force 
applied in the direction of displacement (Fig. 
3a) was described by the following formula:

Mi=ρ₀∙(1-cosθ) (15)

and the diagram of bending moment forces was 
described by the following formula: 

M=-P ∙ ρ₀ ∙ cosθ (16)

However, in the case under consideration, the 
above-presented formula could only be applied 
in the elastic-linear range, whereas in the elas-
tic-plastic area, the moment would be equal to 
MT (Fig. 3b).

Because the diagram of bending moments 
(Fig. 3b) changed the sign at θ = ±π/2, in cas-
es of any high values of the external load of the 
ring segment shunting zone appropriate rang-
es of changes 

would remain elastic and, at the same time, the 
displacement on these segments would be de-
termined by Mohr integral obtained by using 
formula (4) in formula (1) [11]

Fig. 2. Change in the curvature of the ring segment 
subjected to bending
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Therefore, the movement of welding machine fixing jaws could be calculated by summing in-
tegrals (14) and (17), which after allowing for symmetry (Fig. 3) and terms (14) and (15) adopt-
ed the following form:

Fig. 4. Field of stresses in the shunting zone of frame no. 3

Fig. 3. Diagrams of bending moments: a) of unitary force; b) of applied load (dashed line presents the diagram 
for ideally elastic material)

a) b)
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where θT – circumferential coordinate of the 
boundary of elastic and elastic-plastic areas 
(Fig. 3b), identified using the following formula:

where PT – force after the maximum bending 
moment reached value MT in accordance with 
formula (16) and allowing for (6)

Equation (18) contains elliptical integrals 
[12] enabling the identification of values which 
could not be obtained from tables or diagrams 
[13] because one of the integration bounda-
ries θT according to formula (19) depended on 
force P. As a result, integral equation (18) was 
solved numerically using the MathCAD soft-
ware programme for automated designing.

The tests concerning the frames made of 
steel 12H18N10T involved the calculation of 

bending force. It was ascertained that, allow-
ing for plastic strains in the shunting zone, the 
force amounted to between 53 and 90% of the 
force value calculated with the assumption of 
the ideal elasticity of the material (Table 1). 

The computational data obtained using the 
developed analytical method demonstrated the 
satisfactory convergence with the FEM-based 
numerical calculation results (Fig. 4); e.g. the 
maximum deviation of bending force amount-
ed less than 2% (Table 2).
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Using formula (12) to derive the right side of 
formula (8) and considering formulas (6) and 
(16), the following equation for the height of 
the elastic area in various cross-sections of the 
ring being welded is obtained:

The knowledge of the bending force value 
combined with the use of formulas (19) and (21) 
made it possible to describe the dimensions and 
shape of the plasticised zones (Fig. 5). The anal-
ysis of equation (21) revealed that in the welded 
ring cross-sections characterised by the maxi-
mum stresses, the elastic area disappeared en-
tirely (Fig. 5) after P reached the value of

The further increase in the bending force 
after exceeding the critical value P > Pc would 
result in the deformation (Fig. 6b) of the ge-
ometrical shape of the welded product (Fig. 6a).

Table 1. Computational values of bending force during pulsed flash butt welding of frames made of steel 12H18N10T 
(σT = 315 MPa)

No.

Average 
radius 
(ρ₀), 
mm

Height 
(h), mm

Thickness 
(b), mm

Pressure at 
plasticisation 
start (PT), кН

Displacement 
(δΣ), mm

Boundary 
coordi-
nates 
(θT), º

Plastic 
bending 

force 
( p

BP ), 
кН

Elastic 
bending 

force 
( e

BP ), 
кН [4]

p
BP / e

BP
%

1 185 50 10 7.09 13 45.5 10.12 13.62 74.33
2 205 50 12 7.68 14 43.6 10.61 12.94 82.00
3 301 92 14 20.67 20 46.2 29.85 42.44 70.34
4 283 80 16 19.00 19 45.5 27.10 36.45 74.36
5 296 110 16 34.34 22 47.7 51.07 95.89 53.26
6 195 40 22 9.48 16 43.8 13.13 16.13 81.40
7 198.5 35 25 8.10 16 39.7 10.53 11.64 90.45

Table 2. FEM-based calculation results concerning the bending force during the butt welding of frames

No. Average radius 
(ρ₀), mm

Height (h), 
mm

Thickness 
(b), mm

Displacement 
(δΣ), mm

Bending force 
(theoretical), 

кН

Bending 
force (MKE), 

кН

Deviation, 
%

1 185 50 10 13 10.12 10.20 0.72
2 205 50 12 14 10.61 10.69 0.74
3 301 92 14 20 29.85 29.98 0.42
4 283 80 16 19 27.10 27.25 0.55
5 296 110 16 22 51.07 51.23 0.32
6 195 40 22 16 13.13 13.30 1.30
7 198.5 35 25 16 10.53 10.72 1.81
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Fig. 5. Plastic areas (pattern) in the shunting zone of 
frame no. 3 (dashed line presents the boundary of elastic 

and plastic areas in the boundary state)
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The entering of formula (22) to formula (19) 
enabled the determination of the value of the 
coordinate of the boundary of the elastic and 
plastic areas in the boundary state 

The entering of formulas (22) and (23) to for-
mula (18) enabled the determination of the ul-
timate permissible value of displacement δc 
which had to be specified when determining 
allowances, i.e. when selecting the butt weld-
ing technology used when joining individual 
ring-shaped products.

 2arccos
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Fig. 6. Butt welding of the ring-shaped product: а) element in the К724 welding machine fixing jaws; 
b) loss of the ring shape by the product

a) b)

Conclusions
1. By transforming the equations of deform-

able solid mechanics enabled the identification 
of the mathematical dependence between the 
movement of welding machine fixing jaws and 
force enabling the bending of the element dur-
ing flash butt welding and allowing for plastic 
strains in the shunting zone.

2. The calculations of bending force for 
a number of variously sized frames made of 
steel 12H18N10T revealed that allowing for plas-
tic strains in the shunting area decreased the 
value of bending force by 10÷47% in compari-
son with its value calculated for the case of ide-
al material elasticity.

3. The reliability of the proposed analytical 
method was confirmed by slight discrepancies 
(not exceeding 2%) between the bending force 

calculation results and the FEM-based numer-
ical results.

4. The obtained mathematical formulas de-
scribed the boundaries of elastic and plastic ar-
eas in the shunting zone subjected to bending 
during the butt welding of the ring-shaped el-
ement. The obtained equations proved that the 
geometrical shape of the ring-shaped product 
underwent deformation if bending force was 
increased to the value being 1.5 times great-
er than the force corresponding to the initia-
tion of plastic strains in the shunting area. It 
should be noted that regardless of the geomet-
rical dimensions of the ring-shaped product, 
the circumferential coordinate of the bounda-
ry of elastic and plastic areas is a constant value 
amounting to ±48.19° and, as a result of sym-
metry 180°±48.19°.
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