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Tests of Local Stresses in the Geometric Heterogeneity Area 
of Butt Welded Joints with One-Sided Excess Weld Metal

Abstract: The article is concerned with the development of analytical testing 
method related to stresses in stress concentration areas in butt welded joints 
with one-sided excess weld metal. The innovativeness of this research work con-
sists in taking into consideration the shift of joint cross-section centres of iner-
tia located in the excess weld metal area. The research led to the obtainment of 
formulas describing stresses in geometric heterogeneity areas triggered by ten-
sile force and bending moment induced by the shift of the inertia centre. The 
formulas obtained in the research coincide with the results of stress-related nu-
merical modelling. It was ascertained that an increase in eccentricity combined 
with the distance from the excess weld metal base could lead to greater stresses 
in the weld root area than those on the weld face side. The research involved the 
performance of fatigue tests in the high-cycle area of TIG butt welded joints of 
sheets made of aluminium alloy 1460. It was ascertained that in the specimens 
having the gentle toe (between the weld and the base material) the crack was 
initiated in the weld root, which was consistent with calculation-based forecast.
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During the one-sided butt welding of sheets, 
the nature of operating stress distribution could 
be significantly affected by bending. This is be-
cause in the above-named joints the height of 
excess weld metal h is similar to the thickness of 
joined sheets δ. The latter significantly contrib-
utes to the significant asymmetry of butt-weld-
ed joints exposed to operating loads generating 
stresses induced by eccentric tension. In such 
stress conditions, the field of normal stresses 
triggered by an operating tensile load is iden-
tified through the superposition of effective 
stresses and bending moment-induced stresses 

compressive in the weld face area and tensile 
in the weld root area. Because of the foregoing, 
the algebraic summation of such constituents 
will decrease stresses on the weld face side and 
increase stresses on the weld root side [1].

In work [2], the proposed formula enabling 
the identification of stress σr on the weld root 
side was the following

where P – tensile force affecting the width 
unit of a welded joint; δ – thickness of the 
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base material; e – eccentricity of tensile load 
application.

When analysing formula (1) it was noticed 
that the above-named formula did not allow 
for the concentration of stresses connected with 
the geometrical shape of the toe, e.g. the toe 
bend radius, being one of the primary geomet-
rical parameters determining the degree of stress 
concentration [3]. According to formulas pre-
sented in work [4], an increase in stresses on the 
rounded surface of the toe (to satisfy equilibri-
um conditions in appropriate cross-sections) is 
compensated by a certain decrease in stresses 
on the weld root side. For this reason, in order 
to obtain a more precise assessment of stresses 
in the stress concentration areas in butt welded 
joints with one-sided excess weld metal it is nec-
essary to take into consideration both the shift of 
the inertia centre and that of the concertation of 
stresses. The assessment of stresses in complex 
structured elements subjected simultaneously to 
tensile force and a bending moment can be per-
formed using sufficiently effective and simple 
methods based on the broken line theory [5, 6].

In accordance with the above-named theory, 
a cut along broken line is made across point A 
located on the toe surface so that segment AB 
is perpendicular to the toe surface and has 
length a₀, whereas segment BC is perpendicu-
lar to the load effect line. The parameter of bro-
ken cross-section a₀ characterises the depth of 
notch effect and, according to publication [7], 
in relation to the toe is determined using the 
following formula:

where t – toe height.
When describing the geometrical shape of 

the toe and the convex fragment of the excess 
weld metal in the form of arcs of circles being 
in contact with each other (Fig. 1), toe height 
t is expressed by toe radius r using the follow-
ing formula

t=r∙(1-cosθf) (3),

where θf – angle of the sector, which, in accord-
ance with the scheme (Fig. 1) is determined by 
height h and width g of the excess weld metal 
using the following formula:

Therefore, by replacing formula (3) taking into 
consideration formula (4) in formula (2), in 
the case under discussion the following for-
mula is obtained 

Using the same principle, the cross-section 
along line A₁B₁C₁ across point A₁ is built so 
that extensions of segments AB and A₁B₁ form 
infinitely small angle Δα₁ (Fig. 2).

Fig. 1. Geometrical parameters of the ideal butt welded 
joint with one-sided excess weld metal

Fig. 2. Structural scheme of broken cross-sections in the 
stress concentration area of the butt welded joint with 

one-sided excess weld metal 
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Tension

Assuming that, because of strain, cross-sec-
tion A₁B₁C₁ remained where it was previous-
ly and cross-section ABC adopted the position 
marked using the dashed line (Fig. 2), fibre KF, 
located at distance u from the cross-section in-
ertia centre, gains extension KN, leading to the 
generation of normal tensile stress 

as in accordance with the scheme (Fig. 2)

KF=(r+ae1-u)∙tgΔα₁

and equation tgΔα₁ ≈ Δα₁ applies to infinite-
ly small angles.

The geometric characteristic of broken 
cross-section ae1 is determined using the fol-
lowing formula

Value y₁ takes into consideration the distance 
between the load effect axis and cross-section 
inertia centres. If the extension of segment AB 
crosses the curve of inertia centres in its con-
cave fragment, which is tantamount to the sat-
isfaction of condition

However, if condition (8) is not satisfied and 
the extension of segment AB crosses the curve 
of inertia centres in its convex fragment, then

where R – radius of the convex fragment of the 
excess weld metal, which, in accordance with 
the adopted geometrical model (Fig. 1), is de-
termined using the following formula

At the same time, fibre QS, located at distance 
v from the cross-section inertia centre, gains 
extension ST, leading to the generation of nor-
mal tensile stress

The equilibrium condition for the joint having 
the unitary thickness adopts the following form

where

Parameter y₀ also takes into consideration 
the distance between the load effect axis and 
cross-section inertia centres. If segment BC 
crosses the curve of inertia centres in its con-
cave fragment, which is tantamount to the sat-
isfaction of condition

However, if condition (15) is not satisfied and 
segment BC crosses the curve of inertia centres 
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in its convex fragment, then

Entering the formulas describing stresses (6) 
and (12) in equilibrium equation (13), after in-
tegration the following formula is obtained

where T₀ – geometric characteristic of the 
broken cross-section in relation to extension, 
which, along with the change in cross-sec-
tions, changes in accordance with the follow-
ing principle

After entering term (18) in equations (6) and 
(12), the following correlation between tensile 
force P and stresses on segment AB

and BC

respectively is obtained.
The analysis of formulas (20) and (21) reveals 

that, along segment BC, stress is constant across 
the entire thickness changing only in relation 
to changes in the cross-section. For this rea-
son, in cases of tensile loads, the stresses on the 
weld root side are determined using equation 
(21), where stress along segment AB changes 
in accordance with a hyperbolic function and 
reached a maximum on the toe surface when 
u = ae1. Then, in cases of tensile loads, the stress-
es in the weld face area are determined using 
the following formula

The obtained formulas apply to the case when 
a₀ ≤ ae1, i.e. segment AB does not intersect the 
curve of inertia centres. If the segment did in-
tersect the above-named curve, then, in terms 
(12)-(14) it would be necessary to assume that 
a₀ = ae1, and, in term (13) that y₀ = y₁. In such 
a case, the lower limits in both integrals (13) 
transform into zero and the geometrical char-
acteristic of the broken cross-sections in con-
ditions of tension T₀ should be replaced with 
the following characteristic

whereas the stresses induced by the tensile load 
in the weld face and weld root areas will be de-
termined using the formulas

and

respectively.

Bending

As mentioned before, in addition to axial 
tension-induced stresses, the segment with 
one-sided excess weld metal in the butt weld-
ed joint, is also subjected to bending stresses 
triggered by bending moment M, which, ac-
cording to work [2] is determined using the 
following formula

M = P∙e₁ (26),

where e₁ – eccentricity of tensile force appli-
cation on the concave segment of excess weld 
metal, which, in accordance with the adopted 
geometrical model (Fig. 1) changes in accord-
ance with the following principle 
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Assuming that because of bending, cross-sec-
tion A₁B₁C₁ remained in the same area and 
cross-section ABC was turned through small 
angle Δγ and adopted the position marked with 
the dashed (Fig. 3), fibre KF, located at distance 
u from the cross-section inertia centre, gains 
extension KN, leading to the generation of nor-
mal tensile stress

as in accordance with the schemes (Fig. 2 and 
Fig. 3)

At the same time, fibre QS, located at dis-
tance v from the cross-section inertia centre, 

contracts by quantity ST, leading to the forma-
tion of normal compressive stress

The equilibrium condition for the joint having 
the unitary thickness adopts the following form

Entering the formulas describing stresses (28) 
and (29) in equilibrium equation (30), after in-
tegration the following formula is obtained

where B₀ –geometric characteristic of the bro-
ken cross-section in relation to bending, which, 
along with the change in cross-sections, chang-
es in accordance with the following principle
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Fig. 3. Rotation of the broken cross-section during the bending of the butt welded joint
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After entering term (31) in equations (28) and 
(29), the following correlation between bend-
ing moment P and stresses on segment AB

and BC

respectively is obtained.
By substituting u = ae1 in formula (33), the 

bending-induced stress affecting the weld face 
is obtained

The bending-induced stress affecting the weld 
root is obtained by substituting v = y₀ + δ/2 in 
formula (34), then

The obtained formulas apply to the case when 
a₀ ≤ ae1, but if the above-presented condition is 
not satisfied, in terms (28)-(30) it should be as-
sumed that a₀ = ae1 and y₀ = y₁, then the geomet-
rical characteristic of broken cross-sections in 
conditions of bending B₀ should be replaced 

with the following characteristic

whereas the stresses induced by bending in the 
weld face and weld root areas will be deter-
mined using the formulas

and

respectively.

Exemplary application in calculations

An example will involve the calculation of 
stresses in the MIG butt welded joints made of 
1.8 mm thick aluminium alloy 1460 (Fig. 4) with 
the known parameters of height h and width g 
of excess weld metal (Table 1).

The data presented in Table 1 reveal that in 
cases of all welded joints ae1(θf) < a₀. As a re-
sult, within the entire range of the change in α₁ 
allowing for formulas (26) and (27), the total 
stresses in the weld face will be identified as the 
difference between the tensile stresses (24) and 
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Table 1. Geometrical parameters of the excess weld metal in the MIG butt welded joints made of 1.8 mm thick 
aluminium alloy 1460 

Specimen 
no.

Width of 
excess weld 
metal g, mm

Height of 
excess weld 

metal h, mm

Sector angle 
θf, °

Toe radius r, 
mm

Concentrator 
depth a₀, mm ae1(θf), mm

1 7.0 0.6 19.5 2.75 1.31 0.98
2 7.3 0.6 19 2.85 1.31 0.98
3 6.9 0.8 26 2.12 1.35 1.01
4 6.6 0.6 20.6 2.62 1.33 0.99
5 6.8 0.8 26.5 2.08 1.35 1.02
6 6.8 0.6 20 2.70 1.33 0.98
7 6.6 0.6 20.6 2.62 1.33 0.99

Note: The toe radius was determined on the basis of the graphic correlation between the radius and angle 
of the sector [8].

(33)
(37),

(38)

(39)

(34)

(35)

(36)
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the bending moment-induced stresses (38) us-
ing the following formula

whereas the total stresses in the weld root will be 
determined as the difference between the ten-
sile stresses (25) and the bending moment-in-
duced stresses (39) using the following formula

It is known that along with a decrease in the toe 
radius r the concentration of stresses at the base 
of the one-sided excess weld metal increases [9]. 

Therefore, it can be presumed that the above-
named level will reach its maximum in spec-
imen no. 5, and minimum in specimen no. 2 
(Table 1). For this reason, the diagrams of the 
stresses in the weld face and weld root areas of 
the joints (Fig. 5) are based on formulas (40) 
and (41) respectively.

The analysis of the presented distributions 
revealed that an increase in the toe radius from 
2.08 to 2.85 mm decreased the maximum stress 
in the weld face area from 1.31 to 1.23. In cases 
of the remaining joints, the above-named stress 
values were intermediate (Table 2). In addition, 
it could be noticed in the cross-sections corre-
sponding to the concave fragment of the excess 
weld metal, the stresses in the weld root were 
higher than those in the weld face area.

Because of the fact that formulas (40) and 
(41) can only be applied when calculating stress-
es in the concave fragment of the excess weld 
metal, to obtain the complete image of stress 
distribution, including the cross-sections cor-
responding to the convex fragment of the ex-
cess weld metal, it was necessary to perform the 
computer-aided FEM modelling of stress fields 
in related specimens (Fig. 6).

Fig. 4. Specimens used in the tests involving the MIG butt 
welded joints made of aluminium alloy 1460: a) outside 

view; b) welded joint profile

Fig. 5. Distribution of stresses in the weld root and weld face areas of specimen: a) no. 5; b) no. 2
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Table 2. Calculation results related to maximum stresses in the weld face and weld root areas of the butt welded joints 
made in aluminium alloy 1460

Specimen no. 1 2 3 4 5 6 7
Toe radius (r), mm 2,75 2,85 2,12 2,62 2,08 2,70 2,62

Maximum stress in the weld face area
 max

f nomσ σ 1,24 1,23 1,30 1,25 1,31 1,24 1,25

Note: σnom – nominal tress distant from the excess weld metal.

(40),

(41).
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b)

a) b)
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The comparative analysis of the dis-
tributions (Fig. 5) and fields of stresses 
(Fig. 6) revealed that, in the areas cor-
responding to the concave fragment of 
the excess weld metal coincided satis-
factorily both in terms of quantity and 
quality. As was the case with specimen 
no. 5, the difference between the cal-
culated values at the base of the excess 
weld metal amounted to 0.76%, where-
as in relation to specimen no. 2 the dif-
ference amounted to 0.73%.

It could also be noticed that in spec-
imen no. 5 the stresses at the base of 
the excess weld metal were significant-
ly higher than those in the weld root, 
whereas in specimen no. 2 the stresses 
were the same (Fig. 6). Therefore, in ac-
cordance with Table 2, the fatigue crack 
in specimens no. 3 and no. 5 would 
probably be formed at the base of the 
excess weld metal, whereas in cases 
of the remaining specimens the for-
mation of fatigue cracks could be ex-
pected both on the weld face and weld 
root side, which was confirmed by the 
fatigue test results in high-cycle area 
(Fig. 7).

Conclusions
1. The broken cross-section theory was used 

to develop an analytical method concerning 
tests of local stresses in the geometric hetero-
geneity areas of but welded joints with one-sid-
ed excess weld metal taking into consideration 
the shift of cross-sectional inertia centres locat-
ed in the excess weld metal area in relation to 
the tensile load axis.

2. The research resulted in the development 
of formulas describing stress changes in the 
geometric heterogeneity area, both along the 
shape line and deep inside the butt welded 
joints with one-sided excess weld metal. The 
foregoing enabled the description of stresses 
in the weld face and weld root areas.

3. The FEM-based numerical modelling of 
stresses present during the tension of MIG butt 
welded joints made of aluminium alloy 1460 
with one-sided excess weld metal revealed that 
the size and nature of stress distribution ob-
tained using the analytical and numerical meth-
ods were nearly the same. In addition, it was 
proved that the bending stresses in the speci-
mens with the relatively gentle toe could trig-
ger the formation of fatigue cracks in the weld 
root, which was confirmed by the fatigue test 
results in the high-cycle area.
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