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Abstract: The article presents relatively extensive sets of selected functions use-
ful for the approximation of voltage-current characteristics of static arc of de-
fined and undefined ignition voltage values. The article contains graphs of the 
above-named functions presenting their effectiveness in the mathematical rep-
resentation of arc within wide ranges of current excitation. Selected static char-
acteristics were applied to the Pentegov mathematical model. The research also 
involved simulations of processes in circuits with models of arc having defined 
and undefined ignition voltage.
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Introduction
Simulations of operational states of electro-
technological equipment and electric devices 
utilise relatively simple mathematical mod-
els of electric arc [1, 2]. Because of required 
thermal effects, particular attention is paid to 
characteristics of arc within the high-current 
range. The low-current range is important as 
regards the testing of the arc burning stabili-
ty and effect on power sources. In the above-
named models, the voltage of arc ignition is 
usually undefined, which can pose problems 
in tests of devices with extended arc or with 
arc subjected to various external effects [3, 4]. 
Another consequence is the deteriorated sta-
bility of numerical integration algorithms dur-
ing the analysis of dynamic states in circuits 
with AC arc. 

The value of arc ignition voltage depends on 
numerous factors including: 

 – distance between electrodes and electrode 
shapes; 

 – chemical composition of gas (concentration 
of metal vapours);

 – gas ionisation degree (affected by tempera-
ture, pressure, activity of external sources of 
ionising radiation, time interval between arc 
termination and re-ignition); 

 – frequency of voltage applied to electrodes.
Publications [5, 6] investigate the properties 
of the modified Mayr model of low-current 
arc with defined ignition voltage, constituting 
a special case of the Pentegov mathematical 
model [7, 8], characterised not only by sim-
plicity but also by high versatility. As a result, 
it is possible to simulate arc of nearly any stat-
ic characteristics and, at the same time, satisfy 
the power balance equation. 

This article presents modified mathemati-
cal models having specific arc ignition voltage 
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and various shapes of characteristics with-
in low-current and high-current ranges. The 
aforesaid models are characterised by high ver-
satility and can be useful when representing dy-
namic properties of arc in welding equipment. 
The proper representation of physical arc char-
acteristics can be applied in relation to the de-
sign and operation of arc simulators used in 
the diagnostics of welding power sources [9-11]. 

Quasi-static characteristics of arc with 
defined and undefined arc ignition 
voltage values 
The modelling of low-current arc often involves 
the use of the static voltage-current character-
istic proposed by Ayrton [12]. If the length of 
the arc is constant and if there is excitation trig-
gered by direct current I, corresponding voltage 

can be expressed in the form of the static 
conductance-current characteristic of the arc 
column 

where UAK – sum of near-electrode 
voltage drops, Ucol – voltage on the 
arc column; PM – constant value 
of dissipated power; Gcol – arc col-
umn conductance. The shapes of the 
static characteristics of the above-
named arc are presented in Figure 1. 

As can be seen in the Figure 1, the 
passing of current through the val-
ue of zero corresponds to the unde-
fined (theoretically infinite) value of 
voltage. However, in terms of AC arc, 
the value of the above-named volt-
age decreases because of the pres-
ence of the area of ionised plasma 
and the non-zero value of its resid-
ual conductance. The modified stat-
ic characteristic of arc having the 

defined value of arc ignition voltage can be ex-
pressed by the following function 

also expressible in the following form 

where  MMM PIG /2=  – arc residual conductance. 
The coordinates of extreme S(I, U) of charac-
teristic (3) are the following: 

The graphs of function (3) and (4) are present-
ed in Figure 2.

Various variants of static characteristics with 
defined and undefined values of arc ignition 
voltage are presented in Table 1. Figures 1, 2 and 
3a present static characteristics of arc (described 
by function A1 and A2). The aforesaid charac-
teristics are useful for the modelling of electric 
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Fig. 1. Static characteristics of arc with the undefined value of arc igni-
tion voltage: a) voltage-current characteristics Ua(I) and Ucol(I) and b) 

conductance-current characteristic Gcol(I2) 

Fig. 2. Static characteristics of the arc column with the defined value 
of arc ignition voltage: a) static voltage-current characteristic Ucol(I); b) 

static conductance-current characteristic Gcol(I2)
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discharges within the low-current 
range. Functions designated as A3-
A8 can be used for the modelling 
of arc in high-current ranges. The 
shapes of the above-named char-
acteristics are presented in Figure 
3b and 4. 

In cases of functions desig-
nated as A1, A3, A5, A6, A7 and 
A8, the value of the residual con-
ductance of arc amounts to zero. 
In turn, as regards the remaining 
functions, the value of conduct-
ance is higher than 0 S. Function 
A2 corresponds to conductance 
 ( ) MMcol PIIG /A0 2== , whereas func-
tion A4 corresponds to conductance  
 ( ) ( )22 /A0 MpMMcol IRPIIG +== . 

The assumption about the hyper-
bolic fall of the static characteristic 
of arc is considered to be rough. For 
this reason, occasionally the approx-
imation proposed by Nottingham is 
applied [12]. If the length of arc is 
constant and if there is quasi-direct 
current-triggered excitation, changes in voltage 
can be described using the following formula 

where U₀ , I₀ – approximation coefficients; n – 
power exponent of approximation (n > 0). In 
a special case, i.e. when n = 1, the above-named 
characteristic becomes identical as the Ayrton 
formula (1) and then PM = U₀I₀. 

Table. 1. Modified Ayrton functions used for the approximation of graphs presenting voltage changes in the arc column

Designation
Static characteristics with 

undefined arc ignition voltage
Ucol =

Designation
Static characteristics with 

defined arc ignition voltage
Ucol =
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Fig. 3. Static voltage-current characteristics described using the modified 
Ayrton functions for the modelling of (PM = 100 W, IM = 0.3 A): 

a) low-current hyperbolic arc; b) hyperbolic-linear arc (Rp = 10 Ω)

Fig. 4. Static voltage-current characteristics described using the modified 
Ayrton functions for the modelling of high-current (PM = 100 W, UC = 40 V, 

IM = 2 A): a) hyperbolic-flat arc; b) hyperbolic-flat-linear arc (Rp = 0.1 Ω)
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The electric properties of arc 
can also be described in the form 
of a static conductance-current 
characteristic 

Various variants of static char-
acteristics with defined and unde-
fined values of arc ignition voltage 
are presented in Table 2. Figure 5a 
presents the static characteristics 
of arc described using functions 
N1 and N2, useful when modelling 
discharges within the low-current 
range. Functions designated as N3-
N8 can be used for the modelling of 
arc within high-current ranges. The 
shapes of the above-named charac-
teristics are presented in Figures 5 
and 6. The modification of the Not-
tingham formula enables the de-
scription of the static characteristic 
using a formula with the defined 
voltage of arc ignition 
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Table. 2. Modified Nottingham functions used for the approximation of graphs presenting voltage changes in the arc column

Designation
Static characteristics with 

undefined arc ignition voltage
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Static characteristics with 
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Fig. 5. Static voltage-current characteristics described using the modified 
Nottingham functions for the modelling of (U₀ = 100 V, I₀ = 0.3 A, 

n = 0.8, IM = 0.2 A): a) low-current quasi-hyperbolic arc; 
b) quasi-hyperbolic-linear arc (Rp = 4 Ω)

Fig. 6. Static voltage-current characteristics described using the modified 
Nottingham functions for the modelling of high-current 

(U₀ = 100 V, I₀ = 1 A, n = 0,8, IM = 1 A): a) quasi-hyperbolic-flat arc; 
b) quasi-hyperbolic-flat-linear arc (Rp = 0.2 Ω)
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which can also be expressed as the static con-
ductance-current characteristic 

The coordinates of extreme S(I, U) of charac-
teristic (8) are the following: 

The graphs of functions presented in Table 2 are 
shown in Figures 5 and 6. 

The value of arc residual conductance, ob-
tained using formulas N1, N3, N5, N6, N7 and 
N8, amounts to Gcol(I=0A) = 0 S and does not 
depend on the value of exponent n > 0. Arc of 
characteristics designated as N2 and N4 and val-
ues of exponent n > 1 are charac-
terised by residual conductance 
Gcol(I=0A) > 0 S. If 0 < n < 1, it is 
possible to modify power expo-
nent n in order to obtain non-zero 
residual conductance in cases of 
N2 and N4. Then, it is possible to 
use the following approximation 

where A₀, I₀₁ – approximation co-
efficients (0 < A₀ < 1). The value 
of coefficient I₀₁ should be very 
low. Then, a decrease in the val-
ue of current is accompanied by 
a fast change in the value of n. In 
turn, if I = 0 A, the value of power 
exponent n = 1. When consider-
ing characteristic N2, on the basis 
of formula (7), residual conduct-
ance amounts to

This result is consistent with for-
mula (4) as in the aforesaid case 
U₀I₀ = PM. 

The universal, yet relatively more complex 
static characteristic described in publications 
[3, 4] has the defined value of arc ignition. The 
modified form of the aforesaid characteristic is 
the following [10] 

where k₀, k₁ – approximation coefficients, 
0 < k₁ < 1; (Ip, Up) – coordinates of a local 
maximum; U₀ – voltage and R₀ – arc resist-
ance within the high-current range; ζ - taper-
ing function, which may take various forms. 
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Fig. 7. Static voltage-current characteristics of arc described using formula 
(12) (Ip=4 A, k₁=0.8,): a) in relation to a change in voltage U₀ (R₀=0.1Ω, 
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c) in relation to a change in resistance R₀ (Up=100V, U₀=40V, k₀=1.2,

M7 - R₀=0.075Ω, M8 - R₀=0.15Ω, M9 - R₀=0.3Ω);
d) in relation to a change in exponent k₀ (Up=100V, U₀=40V, R₀=0.1Ω, 

M10 - k₀=0.7, M11 - k₀=1, M12 - k₀=1.3)

a)

c)

b)

d)

(9)

(10)

(11)

 
( )

( ) ( )



























+










−⋅










−⋅⋅++

+












+










−⋅










⋅=

1exp1

1exp

11

0

11

00

k

p

k

p

k

k

p

k

p
p

I
I

I
IIIRU

I
I

I
IUIU

ζ

(12)

http://creativecommons.org/licenses/by-nc/3.0/
http://bulletin.is.gliwice.pl/


No. 1/201950 BIULETYN INSTYTUTU SPAWALNICTWA

Function ζ(I) = 1 - exp (-I/Ip) was used in pub-
lication [12]. Coefficients Up, U₀ and R₀ depend 
on the length of arc.

Figure 7 presents families of static volt-
age-current characteristics of arc described us-
ing formula (12). The families include changes 
in parameters within the high-current range. In 
actual arc, external effects trigger simultaneous 
changes in the shape of characteristics within 
entire ranges of current changes. 

Dynamic characteristics of arc with 
a defined value of arc ignition voltage
The basis of initial assumptions of the Pentegov 
mathematical model [7, 8] is the equation of arc 
column energy balance. Actual electric arc is 
characterised by certain inertia related to ther-
mal processes. To include thermal inertia in 
the Pentegov mathematic model of electric arc 
it is necessary to introduce hypothetical elec-
tric current iθ(t) representing the thermal sate 
of arc and changing in time in relation to the 
square of momentary current i of arc in accord-
ance with the first-order equation 

The above-named model is electrically inertia-
less as, according to its assumptions, there is 
the following correlation 

where ucol represents momentary voltage on 
the arc column and Ucol(iθ) represents the stat-
ic voltage-current characteristic of the arc col-
umn. All isoenergetic states are characterised 
by one variable, i.e. arc state current iθ(t). 

The Pentegov model represents the non-lin-
ear circuit two-terminal network, which is 
balanced in terms of energy; 1st degree ther-
mally inert, linear, stationary and electrical-
ly inertialess. The advantage of the model is 
the possibility of using any approximation of 
static voltage-current characteristic Ucol(iθ) in 

equation (14). Hence

and the assignment of the constant value of the 
function of damping factor θ. In comparison 
with other models, the above-presented model 
can use (in a physically justified manner) more 
accurate approximations of static arc character-
istics observed during welding performed us-
ing both inert and active gases.

In certain cases of the application of approx-
imations of static voltage-current characteris-
tics with the zero value of residual conductance 
it is possible to implement the modification of 
formula (15) in the following form 

where Gmin > 0 S. 
The generalised Pentegov model was used to 

simulate processes in a circuit with arc powered 
by the source of sinusoidal alternating current 
having frequency f = 50 Hz. The calculations in-
cluded the assumed sum of near-electrode volt-
age drops UAK = 18 V. Figures 8 and 9 present 
the dynamic characteristics of electric arc de-
scribed using formulas (13) and (15) with static 
characteristics specified in Table 1 and with pa-
rameter values as presented in Figure 3 and 4. 
It can be seen that the use of the static charac-
teristic with defined ignition voltage decreases 
voltage spikes in the area where current passes 
through zero. The above-named effect also de-
pends on time constant θ. 

It is possible to obtain extensive possibilities 
of the approximation of dynamic characteris-
tics of arc using static characteristic (12). The 
figure presents examples obtained during the 
simulation. However, more complex correla-
tions impede the development of simple and 
effective methods enabling the experimental 
determination of parameters of mathematical 
models of arc. 
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Conclusions 
1. The above-presented formu-

las defining static voltage-current 
characteristics are characterised by 
formal simplicity as well as by the 
extensive range of possible chang-
es in current excitation and results 
triggered by possible various ex-
ternal influences affecting the arc 
column. 

2. The use of static character-
istics of defined ignition voltage 
enables the more precise rep-
resentation of dynamic charac-
teristics of arc (particularly with 
a low value of the damping func-
tion) and facilitates performing 
numerical simulations of process-
es in electric circuits.

3. Relatively simple forms of 
approximating functions facil-
itate the development of meth-
ods enabling the experimental 
determination of parameters of 
mathematical models of arc with 
preset current excitation (usually 
rectangular or sinusoidal). 
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