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Mathematical Differential and Integral Models in the
Macromodelling of Electric Arc Using Voltage and Current

Controlled Sources

Part 1. Variants of Electric Arc Macromodels Obtained from
Various Forms of Differential or Integral Equations

Abstract: The article presents justification for creating mathematical models of
electric arc in differential and integral forms as well as discusses simple variants
of classic mathematical arc models with indefinite or unreduced ignition volt-
age and variants of modified mathematical arc models with specified or reduced
ignition voltage. In addition, the article discusses hybrid mathematical models
of electric arc in differential and integral forms. and presents the above-named
variants in the non-rationalised form (with function dependencies determined
by arc current) and in the rationalised form (with functional dependencies de-
termined by column conductance). The effectiveness of various macromodels

was verified by simulating processes in circuits with electric arc.

Keywords: electric arc, Mayr model, Cassie model, hybrid model

DOI: 10.17729/ebis.2019.6/7

Introduction

Because of the heterogeneous structure of elec-
tric arc it is convenient to break down the area of
discharge into quasi-homogenous layers includ-
ing the column with equilibrium plasma and very
thin near-electrode layers containing non-equi-
librium plasma. Near-electrode voltage drops
depend on the material of electrodes and the ef-
ficiency of their cooling as well as on the temper-
ature, pressure and physicochemical properties of
plasma-forming gases. It is usually assumed that
values of voltage are constant and independent of
the value of current (approximately 12-35 V). De-
pending on the value of arc voltage it is possible to
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take into consideration or ignore near-electrode
voltage drops. If arc is short (e.g. free welding arc),
plasma columns are characterised by low values
of voltage. In such cases, it is necessary to take
into consideration near-electrode voltage drops.
In cases of high values of voltage (long arc), the
aforesaid drops can be ignored. The latter ap-
proach can simplify the creation of macromod-
els of arc in simulation programmes and during
the design and construction of welding arc sim-
ulators [1-3]. For this reason, experimental tests
of arc and the determination of arc parameters
are subordinate to experiments revealing electric
properties of plasma layers [4].
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When creating macromodels of electric arc
it is necessary to model the static or dynamic
properties of a physical object using non-line-
ar resistance. The simplest synthesis of such a
resistor usually comes down to the selection of
an appropriate virtual source of energy, where
voltage is directed oppositely to the flow of cur-
rent or current is directed oppositely to pres-
ent voltage. Under such conditions, the element
plays the role of a proper receiver, dissipating
energy as a regular resistor. As arc is a strong-
ly non-linear element, related sources must be
controlled using voltage or current formed by
components of mathematical models of arc.
The selection of such components and mathe-
matical operations performed by them depend
on an adopted (differential or integral) form of
the aforesaid model. Some of them may facili-
tate, whereas others may impede the formation
of a macromodel as well as may affect the ac-
curacy and stability of numerical calculations.
For this reason, the knowledge of variants of
mathematical models of arc is of significance
when attempting to obtain the required accu-
racy of the approximation of experimental data
as well as the speed and stability of numerical
calculations.

Classical and modified differential
and integral
models of electric

1. voltage u on the arc column is obtained
by means of a converter converting volt-
age u into conductance g, and, subsequent-
ly, into voltage u, which, is performed by
means of an appropriate voltage follower
(u>g(u,i)>u(g));

2. currentiw the arc column is obtained using
a converter converting voltage u into con-
ductance g, and, subsequently, into current
(u>g(u)->i(g));

The first method enabling the development
of macromodels in computer software pro-
grammes and arc simulators [1] is easier as it
makes it possible to separately imitate voltage
on the plasma column and in near-electrode
areas. As a result, the aforesaid method can be
used to simulate processes in circuits with short
(e.g. welding) arc. The second method of mac-
romodel development is more complicated. It is
not possible to easily isolate components of re-
sultant arc voltage. For this reason, after ignor-
ing the aforesaid components, the method can
be used to create approximate macromodels
of long (high-voltage) arc [5-7]. The simplified
and, at the same time, approximate method of
simulating dynamic properties of arc involves
treating near-electrode voltage drops as com-
ponent of voltage dependent on the length of
columnl [ U

Table 1. Classical differential and integral mathematical models of arc with unspecified or

unreduced ignition voltage (M1d, M1i —-Mayr type models; M3d, M3i - Mayr-Schwartz

arc type models; C1d,Cli - Cassie type models; C3d, C3i - Cassie-Schwartz type models)
The creation of a non-lin- Desig- Differential form Desig- I 1f fih del
ear load modelling elec- | nation of the model nation ntegral form of the mode
tric properties of arc .
prop : 0 dg i . 1 o wi
requires the solving of | Mid v T8 Mli g =g,exp 6?_-[ > —1dt
the functional depend- v v
ence between voltage d i 1
. & M3d HMS(g)—g = - | M3i | g=g,exp I— u ——1|dt
and current f(u, i) = o, dt P& 0,.(2)\ p,.g
resulting from the power
: dgz 2 2 1 uz
balance equation [1]. The | ¢4 6, S Cli g =g,exp ﬁ-[ o —1 |dt
above-named solution c c c
can be obtained using g, P | 1 i
one of the two methods | C3d |6 (g )7 — 5| C31 |8=8,€Xp I > 5 —1|dt
t Uc g 26, (g) Ucg
presented below:
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Table 1 contains classical mathematical arc
models with unspecified or unreduced ignition
voltage [8]. Each of the models is presented in
two, i.e. differential and integral, variants. The
development of macromodels involving the use
of the differential form requires knowing ex-
citation current i. In addition, to calculate the
value of conductance g it is necessary to meas-
ure the value of arc voltage u. The development
of macromodels involving the use of the inte-
gral form requires knowing voltage u. In ad-
dition, to calculate the value of conductance g
it is necessary to measure the value of arc cur-
rent i. The designations of differential models
adopted in the Table are the same as those used
in publication [8].

Fig. 1. Schematic diagrams of welding arc simulators:
a) utilising the controlled source of voltage E;
b) utilising the controlled source of current J
(VS - voltage sensor; CS — current sensor;
Ry — decoupling resistor; U,y,, Uyk, — sources modelling

sums of near-electrode voltage drops; i, u,, — arc column

col

current and voltage, u - voltage between electrodes)
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Formulas presented in Table 1 contain the
following designations: q,, — time constant of
the Mayr model, 0,,(g) - damping function
of the Mayr-Schwartz model, 0. - time con-
stant of the Cassie model, 0.,(g) — damping
function of the Cassie-Schwartz model, PM -
constant dissipated power of the Mayr mod-
el, pu,(g) — coefficient of the dissipated power
of the Mayr-Schwartz model, U. — constant
voltage of the Cassie model, u, - voltage coet-
ficient of the Cassie-Schwartz model, g, - in-
tegration constant.

In the differential mathematical Schwartz
models, the variation of the time constant usu-
ally adopts the form of the power function,
which is not the most favourable approxima-
tion in comparison with the application of the
exponential function [9-11]. Sometimes, instead
of the power function, used for the approxima-
tion of dissipated power P(g), polynomial func-
tions are used [12, 13].

The analysis of Table 1 leads to the devel-
opment of various schematic diagrams relat-
ed to the design of two variants of electric arc
macromodels (Fig. 1). In the first case, utilis-
ing the controlled source of voltage, it is neces-
sary to measure arc current and, frequently, also
arc voltage. Processes occurring in the arc col-
umn are modelled using the differential model.

Table 2. Modified differential and integral mathematical models of arc with defined or reduced ignition voltage
(M2d, M2i —~Mayr type models; M4d, M4i - Mayr-Schwartz type models; C2d,C2i - Cassie type models;
C4d, C4i - Cassie-Schwartz type models)

Des‘ig— Differential form Des.ig— Integral form of the model
nation of the model nation
dg iP+I P ) . G
M2 Oy, —>+g=—""=—+G, M2i - L | B
d M P, p, i g =g,CxXp o I(PM 1+ . dt
dg PP+ 1 1 wg +1I°
M4d 0,,(g)=>+g=—"" M4i g =g,exp v ]
S dr Pus& ’ I Oy (g ) g™
2 2
dg’ o (i1, ] (i . Logl( G
Cc2d 9—+g =’ =1 4+G C2i |g=g,xXp| — - 4+ W 1 \|dt
< dt Ul u. " 26, I U. g
2
dg’ qi|+lw)z , 1 (Mg“‘]w)
C4ad 0. (g)—+g ="—"—F—+ C4 =g, €X] —1|dt
e g8 g o i e e
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In turn, in the second case, utilising the con-
trolled source of current, it is necessary to
measure arc voltage and, frequently, also cur-
rent flowing through the load [14]. To prevent
the deterioration of structures of power sup-
ply systems and simulation instability, decou-
pling resistor Ros of a relatively high value is
connected in parallel to the source of current.
In such a case, processes occurring in the arc
column are modelled using the integral model.

In certain cases related to the development
and use of electric arc macromodels it is con-
venient to apply modified models with defined
or reduced ignition voltage [8, 15, 16]. It can be
easily done by modifying the models presen-
ted in Table 1 and obtaining the models presen-
ted in Table 2.

The formulas presented in Table 2 are
provided with an additional designation, i.e.
Iy — current corresponding to ignition voltage
[11]. The aforesaid current also corresponds to
residual conductance Gy, = I,,/U.[8].

Differential and integral hybrid
models of electric arc

Simple mathematical models (Table 1) are usu-
ally used to approximate dynamic characterist-
ics of arc within narrow ranges of changes in
excitation current. The extension of the above-
named ranges necessitated the development
of hybrid models, which, by means of taper-
ing function e(i), combine simple models into
a parallel-structured system [10]. Similar to

After the introduction of the notion of resid-
ual conductance G, = I%,/P,, it is possible to
obtain the following dependence

.2

g:gv(l-)(;_ZGW} e

M gUé

—6"(1')% (2),

where 0°(i) - damping function approximat-
ing experimental data within a wide range
of changes in current [10]. Depending on
the type of electric arc and the required ac-
curacy of approximation, tapering function
¢’ can have a different analytical form [17].
In terms of the non-rationalised hybrid
model, composed of the Mayr sub-model
(U =Py/L, Gy, = 0) and of the Cassie sub-model
(U =Ug P,(i) = 0), it is possible to determine
coordinate Io of the point of intersection of
static characteristics

P,

h=0, ()

In practical calculations, the value of current
I, is relatively low. If appropriate components of
the hybrid model are modified and have non-
zero values, the usable condition of the intersec-
tion of static characteristics of the sub-models
can be expressed as follows:

P, +\[PL-4ULL P, +\P. 4P UG,
I, = = (4).

20U, 2U,

The integral form of non-rationalised hybrid
model (1) can be expressed as follows

. 2
simple mathematical models of arc, also hy- | 5'(i)(%+ g]; }f
brid models can be used to create macromod- g =8g,exp Ia,—(l) . MO e (s),
els using voltage or current sources. For this +[1-&'(0)] Zz -1
reason, it is justified to present them in the dif- ‘
ferential and integral form. or, using model (2), as follows
The hybrid model of arc, combining the G
modified Mayr and Cassie sub-models can be | 8'(1')[P—+—WJ+
presented in the following non-rationalised dif- g =g,exp J‘W . g_ dt (6).
. i) N
ferential form [11] +[1-£'(i)] o -1
C
: P
g :g'(i)l2 i, [1-&' ()] —9'(i)d—g (1).  Based on experimental tests it is possible
B gUc at to determine the actual damping function [9].
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It the function is non-linear, it is convenient to
approximate it using dependence [10]
6,, if |1| is low
O'\i)=6,+06,exp\l—a,li|)=
() i0 il Xp( l| |) {6 lf |l| ]S ]arge

i0>

(),

where o, > 0, 0, >> 0,, > 0 s — constant approx-
imation coefficients.
Publication [10] also contain an assump-
tion concerning a tapering function having
the Gaussian form

()= exp(— ;—ZJ

The physically justified rationalisation of hy-
brid models of arc (1) and (2) provides for the
dependence of damping function 6”(g) and
tapering function £”(g) on column conduct-
ance g. This leads to differential equations of a
slightly different form and correct within wide
ranges of changes in conductance g. The above-
named equations can be expresses as follows [11]

(8).

2 ]2

g=2"(g) ="+

PM2 (9)
Do) o)

or

et 1)

; g 07
+1-e"(g)] "(9)=F

gU; - dt

In the simplified case of the rationalised hy-
brid model, composed of the Mayr sub-model
(U = Py/1, Gy, = 0) and the Cassie sub-model
(U = U, P,g) =0), it is possible to determine
coordinate G, of the point of intersection of
static characteristics of the sub-models
PM

G, =
0 Ué

(11).

In practical calculations, the value of con-
ductance G, is relatively low. If appropriate
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components of the hybrid model are modified
and have non-zero values, the usable condition
of the intersection of static characteristics can
be expressed as follows:

P+ P40
Go = 20 )
C

_ B, +yB; —4B,UG,
2U;

(12).

The point of the intersection of the static
characteristics of the models having non-lin-
ear functions dependent on current and the
models having non-linear functions depend-
ent on conductance is characterised by the fol-
lowing dependence

(13).

The integral form of the hybrid model ration-
alised as presented above (9) is the following

. 2
| g"(g)(;t)—l+ IIVDV J+
v &lwm
. L di
g=gew)] 0"(g) li—e ()] -1 )
U2

C

or, based on (10), can be expressed as

" { ] GW)
o(g) XL+ G|
1 P g g0 (15).

e Jm +[i-&"(g)]
gU;

In the rationalised models, the damping
function can adopt the form of a non-linear
function dependent on conductance [11]
if g islow

(16),

0,15
7(6)- 0,0, 0(-,0)~

g0°

if g is large

where a, > 0, 8, >> 0,, > 0 s - constant ap-
proximation coefficients. The adopted tapering
function has the following form

£'(g)= exp(— i}

G, (17).
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Results of simulation tests related to
differential and integral models of arc
using voltage and current sources in
macromodels of arc

The above-presented theoretical analysis was used
to expand the library of electric arc macromod-
els. Each case involved the performance of nu-
merous tests using a set of parameters similar to
experimental data and providing the stability of
numerical calculations. One of important indic-
ators of application efficiency of proposed models
(and macromodels) was computing time. How-
ever, usually models of arc constitute just one of
many elements of a complex electronic (welding
equipment) or electrotechnical (electric joining
equipment) systems. Because of very low values
of the damping function, arc models are respons-
ible for the tautness of differential equations, mak-
ing users of simulation programmes apply special
procedures of numerical calculations.

Macromodels of electric arc developed us-
ing differential models and controlled sources of
voltage have been investigated by the author and
discussed in many publications [2-4, 8, 11, 16, 17].
This study is concerned with results of simula-
tions of integral models involved with the use of
controlled sources of current. After selecting con-
stant factors, each case involved the comparison
of effects resulting from the use of differential and
integral models. As expected, no significant differ-
ences between results obtained using the aforesaid
methods. The tests involved typical simple elec-
tric circuits with active current excitation charac-
terised by the sinusoidal wave and a frequency 50
Hz. In the Mayr model variants, current having
an amplitude of 50 A was used. In turn, various
variants of the Cassie model or the hybrid mod-
els involved the use of current having an amp-
litude of 150 A. At the above-named stage of the
tests, near-electrode voltage drops were not im-
plemented in the models.

The article presents selected results of sim-
ulation tests. Figure 2a presents the dynamic
characteristic of arc described using the typ-
ical Mayr model in the integral form (Muii).
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In turn, Figure 2b presents the characteristic
of the modified Mayr-Schwartz model in the
integral form (M4i), where, in addition to the
variation of dissipation power, the variation of
the time constant was used. The damping func-
tion had the typical power form

0,,(8)=1fy- 8

where f, - constant factor, sS*. Parameter I, de-
termines the voltage of discharge ignition [8].
The parameter is related to the value of re-
sidual conductance G, when current passes
through the zero value. The shapes of both
characteristics are very similar, although
the Schwartz modification enables the more
precise approximation of experimental data
within a wider range of current changes.

(18))

80 -
u v

u 'V
40+
404

-40
-40

BT T T I LY R R |

40 20 0 20; A40 40 -20 0 20, .40

Fig. 2. Dynamic current-voltage characteristics obtained using:
a) model M1i (P, = 300 W, 6,, = 3-10* s), b) model M4i
(Pye = 500 A¥/S*! 2= 0.5,y = 0.5 A, f, = 3-10*sS7,y=0.2)

Figure 3a presents the current voltage char-
acteristic of arc described by the typical Cas-
sie model Cii in the integral form. Figure 3b
presents a curve being the result of simulation
in the circuit with the modified integral Cas-
sie-Schwartz model (C4i). In the above-named

case, the damping function also had form (18).
80 80+

u v u vV
40 — 40+
04 04
-40 -40
-80 T T T r T =80 T T T T l
=100 0 100 i A -100 ] 100 i A

Fig. 3. Dynamic current-voltage characteristics obtained using:
a) model C1i (U, =50V, 6. = 1-10"*s), b) model C4i
(Ue=60 V/S?*, B =0.2,T, =1 A, f, = 1-10° sS7, g = 0.1)
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A relatively accurate approximation of ex-
perimental data can be obtained using hybrid
models. Figure 4a presents the results of sim-
ulated processes in the circuit with the integ-
ral model described by equation (5), where the
non-rationalised current-related functional de-
pendences were used. A similar diagram of the
dynamic characteristic of arc was obtained in
relation to the rationalised integral model (14)
— see Figure 4b.

80+

wv

80
u, vV

40~ 40+
0- 0

-40 - 40

-80 —TT— 80
-100 0 100 i, A

T X T T
-100 0 100 4, A

Fig. 4. Dynamic current-voltage characteristics obtained
using: a) model (5) (P,=300W, U.=50V, 6,,=1-10"s, 6, =
2:10%s, o, = 0.001, I, = 0.5 A); b) model (14) (P,,=300W,
Uc=50V, 6, = 1-107 s, 6,, = 2-10* 5, a, = 0.001, I,y = 0.5 A)

g0 > Vgl
Conclusions

1. The above-presented relatively large set of
the differential and integral mathematical
models of arc can find extensive applications
in computer-aided simulations of dynamic
states of electrotechnical equipment featur-
ing arc or plasma-based heating.

2. The mathematical models of arc can be used
in the construction and operation of weld-
ing arc simulators.

3. Preferences as to the selection of a given
form of a mathematical model may result
from required computational accuracy and
the stability of the operation of a simulation
programme.

4. Selected integral mathematical models are
applied when simulating systems charac-
terised by particularly unstable electric dis-
charge (e.g. gliding arc plasmatron).
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