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The Mayr-Pentegov Model of Electric Arc with Selected Static
Current-Voltage Characteristics

Abstract: The article discusses the basic properties of the Mayr-Pentegov mathe-
matical model of electric arc. The study involved the selection of a set of general-
ised functions enabling the approximation of static voltage-current characteristics.
The functions were used to determine the derivatives of the conductance func-
tion in relation to the squared current (used to calculate the non-linear damping

function). In addition, the article presents the families of static characteristics

dependent on parameters of approximating functions. As a result of simulations

of processes in the circuit with the electric arc model, the families of dynamic

current-voltage characteristics were obtained. The application of the wide rang-
es of parameter changes demonstrated the usability of the developed model uti-
lising various approximations of static characteristics.
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Introduction

The variety of electric arc burning conditions
in electrical and electrotechnical equipment
necessitates the application of various mathe-
matical models. The aforesaid conditions (e.g.
the value of current as well as its waveform
and frequency) and the properties of a given
model affect the possibly easy experimental
determination of parameters, the accuracy of
the mapping of static and dynamic character-
istics, the effectiveness of control system op-
eration, the complexity of the design and the
proper functioning of arc imitators etc. Sim-
ple mathematical models are characterised
by a small number of parameters and, con-
sequently, the ease of their identification. At
the same time, by adopting many simplitying

assumptions, the above-named models are
characterised by narrow ranges of applica-
bility and lower approximation accuracy. In
turn, complex mathematical models are char-
acterised by a large number of parameters and,
consequently, greater difficulty related to their
identification. On the other hand, such mod-
els may be characterised by wide ranges of ap-
plicability and higher approximation accuracy.
For this reason, it is worth developing theories
about such complex models, where the deter-
mination of parameters can be performed in
stages and under various physical conditions.
This article presents a significantly generalised
model, the complexity of which is connected
with curves of static characteristics. However,
it is known that most of the parameters of the
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aforesaid characteristics are determined very
easily, using direct current or pulsed current
of rectangular waveform.

The article discusses a set of generalised
and, at the same time, multi-variant functions
used for approximating the static current-volt-
age characteristics of arc. Because of the in-
troduction of a new damping function in the
Mayr-Pentegov model of arc it was necessary
to define modified conductance-squared cur-
rent static characteristics. The correctness of
obtained formulas was verified using numeri-
cal calculations. The results were presented as
families of static and dynamic current-voltage
characteristics.

Assumptions of the Mayr-Pentegov
mathematical model of electric arc

The Pentegov mathematical model of electric
arc constitutes the generalisation of known
and commonly used Mayr, Cassie and Zaru-
di linear mathematical models [1]. Similar to
the above-named simple models, in terms of
the Pentegov model the initial point is the en-
ergy balance equation. In addition, many sim-
plifying assumptions are used in relation to the
Pentegov model. The types of the aforesaid as-
sumptions affect the current range of the appli-
cability of the models (their stability) and the
accuracy of the approximation of measurement
data. A subsequent stage related to the devel-
opment of theoretical tests performed in order
to reduce the aforesaid limitations and signifi-
cantly extend approximating possibilities is the
Mayr-Pentegov non-linear [2, 3].

The Mayr-Pentegov model utilises the as-
sumption concerning the exponential change
of conductance triggered by changes in the en-
thalpy of thermal plasma Q

I{g}g

where Q, - subtangent of the diagram of func-
tion g(Q), G, - point of the intersection of the
diagram with the y-axis g(0) = G,. After the

(1)
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differentiation of the above-presented expres-
sion the following proportion is obtained

dQ _dg
0, g

Similar to the Pentegov model, in the Mayr-Pen-
tegov model takes into consideration hypo-
thetical arc (instead of actual one), where the
conductance of the arc column is defined as the
function of fictitious state current iy(¢), chang-
ing along with specified non-linear damping
function 0(i,p). Again, similar to the Pentegov
model [4], arc in the circuit is modelled by
means of a two-terminal network, which is bal-
anced in terms of energy, first-order thermal-
ly inert, non-linear, stationary and electrically
inertialess. In accordance with related assump-
tions, the current and voltage of the model sat-
isfy the condition

(2)

L 1y

u U

where (I) - static current-voltage characteris-
tic of arc. Based on the equation of power bal-
ance in the column
40 +Ui, =ui
dt

where dQ/dt - derivative of the changes in the

internal energy of plasma, ui — supplied elec-
tric energy; Ui, — electric power dissipated from

the column) it is possible to obtain a 1%t order
non-linear differential equation describing the

dynamics of changes in state current iy(¢), cor-
responding to changes in plasma temperature

=8 3)

(4)

-2

) di b
B(Zg,p)Tjﬂé =i’ (5)

where the damping function is designated as
follows

dg

2
P di;

0liy, p)= (6)

The above-named function depends not only
on state current but also on the vector of
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parameters p. Parameters used in the formu-
las for the approximation of static characteristic
U(I, p) and constant parameter Q,. are deter-
mined on the basis of experimental tests of arc.
Formulas (3), (5) and (6) can be used to cre-
ate a macromodel of arc in a simulation soft-
ware programme. Then, non-linear resistance
is mapped by a controlled voltage source hav-
ing the following value
U= MZ’ (7)

ly
and the arrow directed oppositely to current
flow [5].

In cases of certain macromodels of arc [6, 7]
it is more convenient to apply the theoretical-
ly equipollent integral form of the Mayr-Pen-
tegov model. In such a situation, equation (5)
can be expressed in the following form

o (N (iz },
1, =1,,€Xp - _——1 T|=
o (!20‘z;,pi 1;

=i expj ! u2g2_1 T
07 S 2002, ) 2

Then, the non-linear resistance is mapped by
the controlled current source having the fol-
lowing value

(8)

ui,
U(ie P )
and directed oppositely to existing voltage.

Similar to selected versions of the Pentegov
model [8, 9], in the case under discussion the
determination of parameters of the Mayr-Pen-
tegov model may be performed in two stages,
depending on the type of current excitation and
the existence of developed identification meth-
ods. In the second case, the families of the stat-
ic characteristics of arc U(J, p) are determined
separately. Afterwards, constant parameter Q,
and the remaining parameters connected with
the dynamics of processes in arc (e.g. residual
conductance) are identified [10].

i= G(i;,p)-u = )
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Selected functions approximating the
static current-voltage characteristics
of electric arc

Further deliberations involved the most gener-
al formulas used for the approximation of the
static current-voltage characteristics of elec-
tric arc. After assuming that values of certain
parameters amounted to zero it was possible
to obtain special cases of approximation fre-
quently applied in computational practice. Be-
cause of the fact that in some computational
models the above-named characteristics are
used in the modelling of AC arc, sometimes
it is worth taking into consideration a specific
value of ignition voltage, resulting from physi-
cal processes occurring in the plasma column
during momentary current decay [11-13]. The
moderation of the passage of the voltage dia-
gram across the origin of coordinates (i, u) can
also be obtained through the reduction of volt-
age on the arc column.

Based on the approach proposed by H. Ay-
rtona, the formula for the approximation of
changes of voltage on the arc column can be
expressed in the following form

U(l,p)=P7M+UC +R, I (10)
where p represents the vector of parameters, out of
which P, — corresponds to the power of arc, par-
ticularly significant within the low-current range,
similar to the Mayr model, U, - corresponds to
voltage on the arc column, similar to the Cassie
model, R~ corresponds to the resistance of arc,
particularly significant within the high-current
range. As can be seen, function (10) can be used
with the assumption of the indeterminacy of ig-
nition voltage and the quasi-hyperbolic reduc-

tion of voltage along G( e )_ I
with an increase in cur- IR o, p)
rent. For the use of the 72 (11)

Mayr-Pentegov model P, +Uc+R I’
[3], the function of stat-

ic conductance adopts =
the following form:

12
P, +UNI +R I
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whereas its derivative adopts the following form
dG(1*, p) 2P, +U.I
d* " o(p, +UI+R T 12)
M C P

A more general form of the formula for the ap-
proximation of changes in voltage on the arc
column can be obtained using an approach pro-
posed by Nottingham, i.e.:

U(l,p)= UO(%) +U+R I (13)
where Uy, 1, Ug, R, - constant approximation
parameters. In the above-named case, the value
of ignition voltage also remains indefinite. Sim-
ilar to the previous case, it is possible to deter-
mine the static conductance of the arc column

In+1
Ugly +U "+ R, 1™

of
) Uz +U ()2 + R, (12)('”%

The derivative of the aforesaid conductance is
the following

6(r*,p)

(14)

dG(1,p)  1"(U i (n+1)+UI")

a’ AU 1t +1' (U +R 1)

(15)

Discussed below are cases of the approxi-
mation of static current-voltage characteristics
including the determinacy of ignition voltage
[10]. Based on the modification of approximat-
ing function (10) it is possible to obtain the fol-
lowing formula

U(I,p):ZPLI+UC +R,I

1} (16)

where, approximately, the value of current I,
— corresponds to the abscissa of the extreme
point on the static characteristic. The afore-
said current is related to the value of residu-
al conductance [10]. The static conductance of
the column can be calculated using the follow-
ing formula:
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(2 +12) B
PA+UAP+ 1)+ R (P +12)1
\/1_2(12+]j4)

T PN U )R (P NP

G(Iz,p):
(17)

The derivative of the above-named static con-
ductance is expressed by the following formula

dG 2P, ' +U (P + I, )

drt 2u(i(p, +R (12 + 12 )+ U + 12, )]

(18)

In turn, after the modification of formula (13),
aimed to identify the finite value of ignition
voltage on the static characteristic, the follow-
ing formula is obtained:

1,1
u(l,p)=U, (ﬁ

M

j +U-+R,I (19)

The formula corresponds to static conductance
12+ _
Uy(I,1) +U P+ ) + R (P+ 1) 1
Je(r+n,)

i UL (Y U (P4 12 Y + R (1P + 12 YT

The derivative of the aforesaid conductance is
expressed by the following formula

dG(Iz,p ) B

arr

(P+r2)" (Uolgl"(ljl (1-n)+ P+ n)+ U+, )W‘)
21(U01g1” (U +RINP+1E )')Z

6lr,p)=

(20)

(21)

In the approximations of characteristics of
long (high-voltage) arc, voltage component UC
may reach high values. At the same time, the
above-named component is lower than the val-
ue of ignition voltage, decisive for the course of
electric processes. For this reason, in order to
obtain more accurate approximation, in some
cases it is necessary to introduce the reduction
of component U,, particularly if ignition volt-
age with corresponding residual conductance
is taken into consideration. In the general case
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of the determinacy of ignition voltage and volt-
age reduction it is possible to use the static cur-
rent-voltage characteristic

]2PM§2 Uel [y
+ M

[ =
U(l.p) I+1, 7

+

(22)

As a result, it is possible to determine the con-
ductance of the arc column

(P + 12 )1+1,) (23)

G(]z,p)=
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static characteristics of the arc column, increas-
es the complexity of expressions concerning the
conductance derivative. Because of the Author’s
suggestion that AC arc should be modelled us-
ing the Pentegov model or the Mayr-Pentegov
model (with state current i,> 0), the obtained
expressions are correct within wide ranges of
changes of current exciting physical processes

in the column. The most general formu-
= las are numbered (25)-(27).

(P« Wi+,

P (I +1,)+ UM+ 1)+ R (P + 12 N1 +1,)

TN U (P2 )R (P2 W 1)

The conductance derivative is calculated using
the following formula

24
G 2P (I +1, Y +U 1> + I} 2

di*2u((r+ 1, XBy + R+ 1)+ U+ 13,

Similar to formulas (13) and (19), after tak-
ing into account the possible power change of
the voltage component within the low-current
range, it is possible to approximate data using
the following formula

7Y Ul
U(Iap):UO 20 2 + <
I"+1, I+1,

The formula can be used to determine the cor-
relation for the conductance of the column

(25)

+Rpl

(P+r2)(1+1,)

Such parameters of static characteris-
tics as I, and I, are connected with dy-
namic processes when current passes the
zero value. As a result, their determina-
tion should take place during AC powering [9].

Families of static characteristics of
electric arc defined by the parameters
of approximating functions

The above-presented formulas for static cur-
rent-voltage characteristics of arc correspond
to formulas for the static characteristics of con-
ductance and conductance derivative. Because
of the limited volume of the article, only select-
ed parameters of function U(J, p) were subject-
ed to gradual changes. The related results are
presented as the family of characteristics.
Figures 1a and 1c present the families of the
static current-voltage characteristics U(I, p) of
arc with unspecified ignition voltage and the
(26) quasi-hyperbolic dependence of volt-
= age on current within the low-cur-

a(r*, p)

(12+1;)W( 2 +1W)

B U1 (1 + 1, )+ U1+ 12, ) +R (P + 15 Y (1+1,)

rent range (10). The above-named
families correspond to the families

The derivative of the expression has the follow-
ing form

aG _(r*+13)" (Uolg (1+1, P12, (1= n)+ P+ n))+ UL (P + 12, )“)

v () WP g v Y e R (22 YN 41,)

of conductance derivative character-
istics dG(I*,p)/dI” presented in Fig-
ures 1b and 1d. Changes in parameter P, lead to
the deformation of voltage curves U within the
low-current range, where-
as changes in parameter U,

dI’?

212(U013 T+ 1)+ 1P+ 15 U+ R, (1+1, )))Z

trigger deformations (shifts)
of characteristics within the

(27)

As can be seen in the above-presented corre- entire current range. In both cases, increases in
lations, taking into consideration a larger num- the above-named parameters correspond to in-

ber of possible physical effects, mapped by the
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aforesaid parameters on the deformations of voltage U, decreases the conductance derivative.
conductance derivative curves is significantly Near the zero value of current, the functions of
lower. An increase in P, slightly increases the the conductance derivative may adopt relatively
conductance derivative. In turn, an increase in high values, preventing arc termination.

Fig. 1. Families of static characteristics expressed by formulas (10)-(12)
(R, = 0.4 Q): a) current-voltage characteristics (U. =40 V); b) conductance
derivative characteristics (U, =40 V); ¢) current-voltage characteristics
(P,; =300 W); d) conductance derivative characteristics (P,; =300 W)

Fig. 2. Families of static characteristics expressed by formulas (13)-(15)
(I,=15A,n=0.7,R,=0.15 Q): a) current-voltage characteristics (U, =40 V);
b) conductance derivative characteristics (U. =40 V); ¢) current-voltage char-
acteristics (U, =100 V); d) conductance derivative characteristics (U, =100 V)
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Figures 2a and 2¢ present the families of the arc with unspecified ignition voltage and the
static current-voltage characteristics U(I, p) of power dependence of voltage on current within

Fig. 3. Families of static characteristics expressed by formulas (16)-(18)
(R,=0.3 Q, I,,=1A): a) current-voltage characteristics (U =40 V);
b) conductance derivative characteristics (U, =40 V); ¢) current-voltage
characteristics (P,, =400 W); d) conductance derivative characteristics
(P,, =400 W)

Fig. 4. Families of static characteristics expressed by formulas (19)-(21)
(I)=3A,n=08,R,=0.15Q, I, =2 A): a) current-voltage characteristics
(U, =30 V); b) conductance derivative characteristics (U, =30 V);

c) current-voltage characteristics (U, =150 V); d) conductance derivative
characteristics (U, =150 V)
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the low-current range. The above-named fami-
lies correspond to the families of conductance
derivative characteristics dG(I?,p)/dI? present-
ed in Figures 2b and 2d. Changes in param-
eter U, and changes in parameter U, lead to

similar deformations of characteristics. How-
ever, in comparison with the previous case, the
approximating possibilities of these depend-
ences are higher.

Figures 3a and 3¢ present the families of the

Fig. 5. Families of static characteristics expressed by formulas (22)-(24)
(R,=0.1Q,1,,=12A, I, =8 A): a) current-voltage characteristics (U = 60
V); b) conductance derivative characteristics (U, =60 V); ¢) current-voltage

characteristics (P,, = 300 W); d) conductance derivative characteristics

(P,, =300 W)

Fig. 6. Families of static characteristics expressed by formulas (25)-(27)
(I,=3A,n=0.6,R,=0.15Q,I,,=2 A, I,, = 10 A): a) current-voltage
characteristics (U, =30 V); b) conductance derivative characteristics

(Uc =30 V); ¢) current-voltage characteristics (U, =150 V) and d) conductance

derivative characteristics (U, =150 V)
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static current-voltage characteristics of arc
with unspecified ignition voltage and the qua-
si-hyperbolic dependence of voltage U(I, p)
on current within the low-current range. The
above-named families correspond to the fam-
ilies of conductance derivative characteristics
with their convergence towards the non-zero
(positive) value of residual conductance. The
diagrams of the conductance derivative (Fig. 3b
and 3d) are similar to the previous ones. Also
in this case, an increase in power P, slightly
increases the conductance derivative, whereas
an increase in voltage U do decreases the con-
ductance derivative.

Figures 4a and 4c present the families of
the static current-voltage characteristics U(J,
p) of arc with unspecified ignition voltage and
the power dependence of voltage on current
within the low-current range (19). The above-
named families correspond to the families of
conductance derivative characteristics dG(I*,p)/
dI? presented in Figures 4¢ and 4d. In relation
to Figure 3, changes in parameter U, and chang-
es in parameter U, lead to similar deformations
of characteristics. However, in comparison with
the previous case, the approximating possibili-
ties of these dependences are higher.

Figures 5a and 5b present the families of the
static current-voltage characteristics of arc with
simultaneously defined and reduced ignition
voltage and the quasi-hyper-
bolic dependence of voltage
U(I, p) within the low-current
range (22). The above-named
families correspond to the
families of conductance de-
rivative characteristics with
their convergence towards
the non-zero (positive) val
ue of residual conductance.
The families of conductance
derivative characteristics
dG(I?,p)/dI? are presented in
Figures 5c and 5d. In relation
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to Figure 3, changes in parameter P,,and chang-
es in parameter U, lead to similar deformations
of characteristics. However, the approximating
possibilities of these dependences are higher.
Figures 6a and 6c present the families of
the static current-voltage characteristics of arc
with defined ignition voltage and the power
dependence of voltage on current within the
low-current range (25). The above-named fam-
ilies correspond to the families of conductance
derivative characteristics dG(I?,p)/dI” present-
ed in Figures 6b and 6d. In relation to Figure
4, changes in parameter U, and changes in pa-
rameter U, lead to similar deformations of
characteristics. However, the approximating
possibilities of these dependences are higher.
The significant (sharp) growth of conduct-
ance derivative dG(I?,p)/dI” during the reduc-
tion of current near the zero value may not have
a strictly physical justification. However, dur-
ing the modelling of burning arc, the state of
current is always i;>0 A, which eliminates the
effect of such conductance derivative values on
dynamic current-voltage characteristics. In the
aforesaid simulations, the minimum value of
current amounted to approximately 4 A.

Results of simulations of dynamic
processes in the circuit with the Mayr-
Pentegov model of electric arc

Fig. 7. Families of the dynamic characteristics of arc utilising static current-
-voltage characteristics with unspecified ignition voltage: a) with characteris-
tics expressed by formula (10) (P,, =300 W, R, = 0.4 Q, Q, =0.1]) and b) with

characteristics expressed by formula (13) (U, =100V, I, =1.5A,n=0.7,

R,=0.15Q,Q,=02])

BIULETYN INSTYTUTU SPAWALNICTWA 71



http://creativecommons.org/licenses/by-nc/3.0/
http://bulletin.is.gliwice.pl/

[@)ov-ne |

The correctness of the above-presented math-
ematical dependences was verified by creating
macromodels of arc and performing simula-
tions of processes in the electric circuit. To this
end it was necessary to use the source of si-
nusoidal current having amplitude I,,= 120 A
and frequency f = 50 Hz, ensuring the stable
burning of arc. The adopted constant sum of
near-electrode voltage drops was U, = 18 V.
The parameters of the models were adjusted to
obtain the high probability of characteristics.

Figure 7 presents families of the dynamic
current-voltage characteristics of the arc mod-
el utilising static characteristics with unspeci-
fied ignition voltage values. The cases subjected
to analysis involved the qua-
si-hyperbolic voltage change
within the low-current range
(10) and the power voltage
change within the low-cur-
rent range (13).

Figure 8 presents families
of the dynamic current-volt-
age characteristics of the arc
model utilising static char-
acteristics with defined igni-
tion voltage values. The cases
subjected to analysis involved
the quasi-hyperbolic voltage
change within the low-cur-
rent range (16) and the pow-
er voltage change within the
low-current range (19).

Figure 9 presents families
of the dynamic current-volt-
age characteristics of the arc
model utilising static charac-
teristics with defined and re-
duced ignition voltage values.
The cases subjected to analysis
involved the quasi-hyperbol-
ic voltage change within the
low-current range (22) and the
power voltage change within
the low-current range (25).
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The selection of a function approximating static
current-voltage characteristics for the version of
the created Mayr-Pentegov mathematical mod-
el depends on many factors including the accu-
racy of obtained results, ease of determining the
parameters of the model, allowed time of calcu-
lations, the operational stability of the computa-
tional programme etc.

Concluding remarks

1. The above-presented set of generalised ana-
lytical functions useful in the approximation
of data derived from arc-related experimen-
tal tests enables the rational selection of
static current-voltage characteristics taking

Fig. 8. Families of the dynamic characteristics of arc utilising static current-voltage
characteristics with defined ignition voltage: a) with characteristics expressed by
formula (16) (P,, =400 W, I,,=1 A, R,=0.3 Q, Q,=0.3]) and b) with characteris-
tics expressed by formula (19) (U, =150V, I[,=3 A, n=0.8,1,,=2 A, R,=0.15Q,

Q,=05])

Fig. 9. Families of the dynamic characteristics of arc utilising static current-
-voltage characteristics with defined and reduced ignition voltage: a) with
characteristics expressed by formula (22) (P,, =400 W, I,,=1.2 A, I, =8 A,
R,=0.1Q, Q,=0.2]) and b) with characteristics expressed by formula (25)
(Uy=150 V,To=3 A, n=06,1,=2A,I,=10 A,R,=0.150,Q, = 0.2])
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into account the simplicity of the descrip-
tion of primary electric phenomena (finite
ignition voltage value, non-zero residual
conductance value).

2. In spite of the highly generalised forms of
the functions describing static current-volt-
age characteristics it was possible to obtain
compact analytical expressions for arc con-
ductance derivatives.

3. Because of the simple notation of the
Mayr-Pentegov model in the differential and
integral forms it is possible to easily create
macromodels using controlled current and
voltage sources.
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