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The Effect of the Selection of a Function Approximating 
Static Characteristics on the Modelling of Electric Arc 

Abstract: The article presents selected tapering functions useful when creating 
hybrid models and functions approximating static current-voltage characteristics 
of arc. The research work involved the formation and verification of families of 
static current-voltage characteristics with defined values of voltage ignition and 
the extension of approximating possibilities of the formulas through the use of 
tapering functions. The effective use of various functions approximating static 
characteristics in the modelling of dynamic states in the circuit with electric arc 
was verified through simulation. 
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Introduction 
There are several types of mathematical mod-
els electric arc utilising static current-voltage 
characteristics including the Novikov-Schel-
hase model [1–4], the Pentegov model (de-
veloped along with Sidoretz) [5, 6] and the 
Mayr-Pentegov model [7, 8]. The above-pre-
sented sequence of the models corresponds to a 
decrease in the force of reduction assumptions 
and the improved adequacy in the mapping of 
physical processes in circuits with electric arc. 
The advantage of the above-named models is 
the at least two-stage process of parameter de-
termination, enabling the significant simplifi-
cation of diagnostic methods. The effectiveness 
of arc modelling is significantly affected by the 
approximating accuracy of the family of the 
static current-voltage characteristics of arc. The 
selection of a function approximating experi-
mental characteristics depends on the power 

of discharge (length of (voltage) column and 
current), the physicochemical conditions of arc 
burning (chemical composition of gas, pressure 
and the temperature of a gaseous environment), 
the selection of a mathematical model of arc 
etc. [9]. Because of numerous difficulties ac-
companying the precise diagnostics of electric 
discharge, the attempted obtainment of high 
approximation precision has its rational limita-
tions. In the modelling of low-current arc, the 
proper mapping of arc voltage is of significant 
importance [2]. In the modelling of high-cur-
rent arc, a crucial aspect may be the mapping of 
the flat or increasing fragment of a current-volt-
age characteristic. In turn, taking into account 
an appropriate value of residual conductance 
improves the stability of numerical simulations 
of processes in systems with electric arc [10]. 

Publications [11] discuss the use of func-
tions approximating static characteristics 
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characterised by a relatively strong interaction 
between parameters defined in these functions. 
A relatively easy method enabling the reduc-
tion of the aforesaid interaction consists in us-
ing an appropriate tapering function [12]. In 
hybrid models [13], the application of taper-
ing functions makes it possible to activate an 
appropriate submodel. Usually, such submod-
els contain various static current-voltage char-
acteristics corresponding to low-current and 
high-current ranges. Because of the fact that in 
the Novikov-Schelhase, Pentegov-Sidoretz and 
Mayra-Pentegov models it is possible to select 
a static characteristic within the entire current 
range, it is also possible, as early as at the first 
stage of the building of the model, to associate 
fragments of functions approximating measure-
ment data within low-current or high-current 
ranges. The increased complexity of approxi-
mating functions does not significantly affect the 
structure of macromodels utilising the Novik-
ov-Schelhase or the Pentegov-Sidoretz models. 
However, because of the analytical determina-
tion of a derivative of static conductance in re-
lation to squared current [7, 8], the aforesaid 
complexity could impede the application of the 
Mayr-Pentegov model. For this reason, in the re-
search work discussed in this article, processes 
in circuits with electric arc were only simulated 
using the Pentegov model.  

Tapering functions used for the 
creation of hybrid models and 
functions approximating static 
current-voltage characteristics of arc 
Tapering functions are relatively commonly 
used in the creation of hybrid models of elec-
tric arc [13]. The most common form is the one 
forming the Gaussian curve 

where I₀ defines ultimate model-switching 
current, A, corresponding to the value of or-
dinate ε(I₀) = 1/e ≈ 0.367879… The above-pre-
sented modification of the formula enables the 
more comfortable choice of submodel switch-
ing conditions

Value ki defines the ordinate of the point of the 
switching of function ε(I₀) = ki, where 0 < ki < 1. 

Figure 1 presents diagrams of tampering 
functions obtained using the Gaussian depend-
ence and its modifications. Even greater pos-
sibilities of associating arc models into hybrid 
arc models are “offered” by the tapering func-
tion using power expressions having form [12],

where exponent k > 0. 
The above-presented 
function can be mod-
ified in a similar man-
ner and adopt the 
following form 

Figure 2 presents di-
agrams of tapering 
functions obtained us-
ing exponential and 
power dependences.

Fig. 1. Diagrams of tapering functions: a) generating Gaussian functions (1) (1 – I₀ = 2 
A, 2 – I₀ = 4 A, 3 – I₀ – 6 A, 4 – I0 = 8 A); b) generating modified Gaussian functions (2) 

(1 – I₀ = 2 A, ki = 0.2; 2 – I₀ = 3 A, ki = 0.4, 3 – I₀ = 4 A, ki = 0.6, 4 – I₀ = 5 A, ki = 0.8)
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The above-present-
ed diagrams justify the 
conclusion that the 
above-named tapering 
functions make it pos-
sible to both easily and 
extensively define the 
method of the switch-
ing of hybrid models or 
fragments of non-lin-
ear static current-volt-
age characteristics of 
arc.  

Static current-voltage characteristics 
of arc with the ordinary and the 
improved method of ignition voltage 
definition 
Presented below are three cases of simplified 
functions approximating static current-voltage 
characteristics of arc. The aforesaid functions, 
taking into account the determinacy of arc igni-
tion, were selected so that it would be possible 
to gradually increase the approximation po-
tential of gathered measurement data, yet they 
were characterised by the relatively strong inter-
action of parameters. To weaken the aforesaid 
interaction, in each case it was additionally nec-
essary to modify the approximating function 
thorough the application of a tapering function. 

The first case of the approximation of a stat-
ic current-voltage characteristic is the func-
tion containing components corresponding to 
low-current and high-current ranges 

where PM – constant parameter connected with 
power (and voltage ignition), W; IM – constant 
parameter connected with the abscissa of igni-
tion voltage, A; UC – constant parameter con-
nected with plateau voltage (of Rp = 0 Ω) within 
the high-current range, V; Rp – constant pa-
rameter connected with a rise on characteris-
tics within the high-current range, Ω. 

In such a case, residual conductance is ex-
pressed by the following formula 

The interaction of the parameters of function (5) 
affects the determination of values of ignition 
voltage. The foregoing can be stated by analys-
ing the following cases: 
–– if UC = 0 V and Rp = 0 Ω, the extreme point 
has coordinates (Ip, PM/(2Ip)); 

–– if UC > 0 V and Rp = 0 Ω, the extreme point 
has coordinates (Ip, PM/(2Ip)+UC); 

–– if UC > 0 V and Rp > 0 Ω, the extreme point 
has approximate coordinates (Ip, PM/(2Ip)+UC 
+ RpIp).

In the latter case, the precise determination of 
the coordinates of the extreme point is possi-
ble but its notation could be extensive. Because 
of the relatively low value of parameter Rp and 
the relatively low value of current I ≈ Ip, the ef-
fect of component RpIp on the extreme point 
may not be high. Usually, component UC is re-
sponsible for a significant increase in the val-
ue of ignition voltage, whereas component RpI 
is responsible for a slight increase in the value 
of ignition voltage and its slight shift towards 
lower current values.  

In relation to (5), the modified approximat-
ing function with the reduced interaction of 

Fig. 2. Diagrams of tapering functions: a) expressed by formula (3) (1 – I₀ = 2 A, k = 1; 
2 – I₀ = 4 A, k = 2; 3 – I₀ = 6 A, k = 3; 4 – I₀ = 8 A, k = 4); b) expressed by formula (4) 
(ki = 0.5, 1 – I₀ = 2 A, k = 1, 2 – I₀ = 4 A, k = 2, 3 – I₀ = 6 A, k = 3, 4 – I₀ = 8 A, k = 4)
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parameters could have the following form 

with additionally introduced ε(I) – tapering 
function having properties: ε(0) = 1, ε(∞) = 0. 
The application of the function significantly re-
duces the effect of parameters UC and Rp on the 
value of ignition voltage. Approximately, resid-
ual conductance is as follows 

Figure 3 presents the families of the static 
current-voltage characteristics of arc obtained 
using functions (5) and (7). It can be seen that 
in the second case the definition of parameters 
of in the low-current range is not only easier 
but also more effective.

In comparison with formula (6), more ex-
tensive approximating potential is that of the 
function having the following form

where Us, Is – constant parameters connected 
with the value of ignition voltage; Ip – constant 
parameters connected with the abscissa of ig-
nition voltage, A; n – constant exponent. The 

remaining parameters UC and Rp play the same 
role as previously. In this case, the residual con-
ductance of arc depends on the value of expo-
nent n in the following manner: 

if n = 1,

- if n > 1, Gre = 1/Rp.
The interaction of the parameters affects the de-
termination of ignition voltage. The foregoing 
can be stated by analysing the following cases: 
–– if UC = 0 V and Rp = 0 Ω, the extreme point 
has coordinates (Ip, UsIn

s/(2Ip)n); 
–– if UC > 0 V and Rp = 0 Ω, the extreme point 
has coordinates (Ip, UsIn

s/(2Ip)n +UC); 
–– if UC > 0 V and Rp > 0 Ω, the extreme point 
has approximate coordinates (Ip, UsIn

s/2Ip)n 
+UC + RpIp). The justification of the above-pre-
sented notation is analogous to the previous 
case. 

In relation to formula (9), the modified approx-
imating function may adopt the following form 

Also in this case tapering function ε(I) was in-
troduced. The foregoing resulted in the signif-
icant reduction of the effect of parameters UC 

and Rp on the value of igni-
tion voltage. Also in this case, 
the residual conductance of 
arc depends on the value of 
the exponent in the follow-
ing manner: 

if n = 1,

if n > 1, Gre ≈∞ S. 
Figure 4 presents the fami-

lies of the static current-volt-
age characteristics of arc 
obtained using functions (9) 
and (10). It can be seen that in 
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Fig. 3. Families of the static current-voltage characteristics of electric arc 
(UC = 30V, Ip = 2 A; 1 – PM = 200 W, Rp = 0 Ω; 2 – PM = 230 W, Rp = 0.25 Ω; 

3 – PM = 260 W, Rp = 0.5 Ω; 4 – PM = 290 W, Rp = 0,75 Ω): a) expressed by for-
mula (5); b) expressed by formulas (7) and (2) (ki = 0,3, I0 = 5 A)
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accordance with (10) the defi-
nition of parameters of in the 
low-current range is not only 
easier but also more effective.

When modelling electric 
arc it is sometimes preferred 
to use the approximations of 
static current-voltage char-
acteristics using exponential 
functions [1–3]. An exam-
ple of the above-named sim-
plified approximation is 
dependence 

where Up – component of ignition voltage, V; 
Ip – abscissa of defined ignition voltage, A; n – 
constant exponent. The remaining parameters 
UC and Rp play the same role as previously. In 
this case, the residual conductance of arc does 
not depend on the value of exponent n and is 
Gre = 1/Rp. 

The interaction of the parameters affects the 
determination of ignition voltage. The forego-
ing can be stated by analysing the following 
cases: 
–– if UC = 0 V and Rp = 0 Ω, the extreme point 
has coordinates (Ip, Up); 

–– if UC > 0 V and Rp = 0 Ω, the extreme point 
has coordinates (Ip, Up +UC); 

–– if UC > 0 V and Rp > 0 Ω, the extreme point 
has approximate coordinates (Ip, Up +UC + 
RpIp). The justification of the above-present-
ed notation is analogous to the previous case.

In relation to (11), the modified approximating 
function with the reduced interaction of pa-
rameters could adopt the following form:

Also in this case tapering function ε(I) was 
introduced. The foregoing resulted in the sig-
nificant reduction of the effect of parameters UC 
and Rp on the value of ignition voltage. Also in 
this case, the residual conductance of arc does 
not depend on the value of exponent n and is 
Gre ≈∞.

Figure 5 presents the families of the static 
current-voltage characteristics of arc obtained 
using functions (11) and (12). It can be seen that 
the determination of parameters of within the 
low-current range is easier and more effective. 

It possible to extend function (12) and, as a 
result, obtain the higher accuracy of approx-
imation (as was the case with works [1–3]). 
However, because of unavoidable and relative-
ly large diagnostics errors, such an action may 
not bring significant advantages.  

It is also possible to reduce approximating 
functions (7), (10) or (12) by ignoring tapering 
function ε(I) in the first components. They con-
tain functions decreasing within the high-cur-
rent range. However, the above-named action 
may worsen the quality of approximation. Such 
a parameter of static characteristics as Ip is con-
nected with the dynamic processes of current 
passing through the zero value. For this rea-
son, the determination of the aforesaid param-
eter should take place during AC powering [10].

Fig. 4. Families of the static current-voltage characteristics of electric arc
(UC = 30 V, Ip = 2 A, Is = 1 A, n = 0,8): a) expressed by formula (9) (1 – Us = 100 

V, Rp = 0 Ω; 2 – Us = 130 V, Rp = 0.3 Ω; 3 – Us = 160 V, Rp = 0.6 Ω; 4 – Us = 190 V, 
Rp = 0.9 Ω); b) expressed by formulas (10) and (4) (k = 2, ki = 0.4, I₀ = 5 A ; 1 – 

Us = 100 V, Rp = 0 Ω; 2 – Us = 130 V, Rp = 0.3 Ω; 3 – Us = 160 V, Rp = 0.6 Ω;
4 – Us = 190 V, Rp = 0.9 Ω)  

 
( )

IRU

I
I

I
IUpIU

pC

n

p

n

p
p

++

+
























−










= 1exp,

 
( ) ( )

( ) ( )( )IIRU

I
I
I

I
IUpIU

pC

n

p

n

p
p

ε

ε

−⋅++

+
























−










=

1

1exp,

http://creativecommons.org/licenses/by-nc/3.0/
http://bulletin.is.gliwice.pl/


No. 6/202048 BIULETYN INSTYTUTU SPAWALNICTWA

Simulations of processes in the circuit 
using the Pentegov model of electric 
arc 
The creation of the Pentegov mathematical 
model of electric involves energy balance and 
the use of reduction assumptions [5, 6]. Instead 
of  actual arc, the above-named model involves 
hypothetic arc, where the conductance of the 
arc column is defined as the function of ficti-
tious (virtual) state current iθ(t), changing along 
with specific time constant θ. Arc in the cir-
cuit is modelled by means of a two-terminal 
network, which is balanced in terms of energy, 
first-order thermally inert, non-linear, station-
ary and electrically inertialess. In accordance 
with related assumptions, the current and volt-
age of the model satisfy the condition

where U(I) – static current-voltage characteris-
tic of arc. Based on the equation of power bal-
ance in the column

where dQ/dt – derivative of the change in the 
internal energy of plasma, ui – supplied elec-
tric energy; Uiθ – electric power dissipated from 

the column), it is possible to 
obtain a 1st order non-linear 
differential equation describ-
ing the dynamics of changes 
in state current iθ(t), corre-
sponding to changes in plas-
ma temperature

Formulas (13), (14) and (15) 
can be used to create a mac-
romodel of arc in a simula-
tion software programme. 
Then, non-linear resistance is 
mapped by a controlled volt-

age source having the following value

and the arrow directed oppositely to current 
flow [4]. Because of the fact that, similar to 
plasma temperature and arc column conduct-
ance, state current is greater than zero, the 
above-presented functions approximating stat-
ic current-voltage characteristics can be used 
directly, i.e. without the necessity of calculat-
ing momentary current. 

The correctness of the above-presented math-
ematical dependences was verified by creating 
macromodels of arc using selected functions 
approximating static current-voltage character-
istics. To this end, it was necessary to use the 
source of sinusoidal current having amplitude 
Im = 200 A and frequency f = 50 Hz, ensuring 
the stable burning of arc. The adopted constant 
sum of near-electrode voltage drops was UAK = 
18 V. The parameters of the models were adjust-
ed so that it would be possible to demonstrate 
the effect of the parameters on the shapes of the 
dynamic characteristics of arc.

Figure 6a presents the dynamic current-volt-
age characteristics of arc utilising the gener-
alised form of the approximating function 
with the defined value of ignition voltage (5). 

Fig. 5. Families of the static current-voltage characteristics of electric arc 
(UC = 30 V, Ip = 2A, n = 1,2): a) expressed by formula (11) (1 – Up = 60 V, 

Rp = 0 Ω; 2 – Up = 80 V, Rp = 0.5 Ω; 3 – Up = 100 V, Rp = 1 Ω; 4 – Up = 120 V, 
Rp = 1.5 Ω); b) expressed by formulas (12) and (2) (I₀ =  5 A, ki = 0.8; 1 – Up = 60 V, 

Rp = 0 Ω; 2 – Up = 80 V, Rp = 0.5 Ω; 3 – Up = 100 V, Rp = 1 Ω; 4 – Up = 120 V, 
Rp = 1.5 Ω)
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The above-presented func-
tion was modified by the in-
troduction of the tapering 
function, facilitating the de-
termination of the maximum 
value of ignition voltage (Fig. 
6b). 

Figure 7 presents the dy-
namic current-voltage char-
acteristics of arc utilising an 
even more general (if com-
pared with that presented in 
Fig. 6) form of the approxi-
mating function with the de-
fined value of ignition voltage. 
The reduction of the interac-
tion of parameters when de-
termining the above-named 
voltage was obtained using 
formula (1) (see Figure 7b). 

Figure 8 presents the dy-
namic current-voltage char-
acteristics of arc utilising 
the approximating function 
containing the exponential 
function. In this case, the 
first component of formula 
(11) enables the determina-
tion of ignition voltage with-
out interaction with current 
Ip. However, the remaining 
components affect the value 
of ignition voltage. The appli-
cation of the tapering func-
tion enables the reduction of 
the aforesaid influence.  

Conclusions
1. Selected models of AC 

electric arc involve the use of 
static current-voltage charac-
teristics which may be char-
acterised by the interaction 
of parameters. 

Fig. 6. Dynamic current-voltage characteristics of arc (PM = 300W, UC = 30 V, 
Rp = 0.05 Ω, Ip = 2 A): a) developed using the static current-voltage characteris-
tic (5) and b) developed using the static current-voltage characteristic defined 

by (7) and (2) (I₀ = 5 A, ki = 0.3)

Fig. 7. Dynamic current-voltage characteristics of arc (Us = 200 V, Is = 1 A, n = 
0.8, UC = 30 V, Rp = 0.05 Ω, Ip = 2 A): a) developed using the static current-volt-
age characteristic (9) and b) developed using the static current-voltage charac-

teristic defined by (10) and (4) (I₀ = 5 A, k = 2, ki = 0.4)

Fig. 8. Dynamic current-voltage characteristics of arc (Up = 120 V, Ip = 1 A, 
n = 1,2, UC = 30 V, Rp = 0,05 Ω): a) developed using the static current-voltage 

characteristic (9) and b) developed using the static current-voltage characteristic 
defined by (10) and (4) (I₀ = 5 A, k = 2, ki = 0.4)
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2. The introduction of tapering functions to 
functions approximating static current-voltage 
characteristics makes it possible to reduce in-
teraction between the parameters, improving 
the clarity of description and the accuracy of 
calculations. 

3. The above-presented tapering functions 
can be used for generating hybrid models elec-
tric arc.
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